Abstract. We give a criterion which characterizes a real multi-variate Laurent polynomial with full-dimensional smooth Newton polytope to have the property that all sufficiently large powers of the polynomial have fully positive coefficients. Here a Laurent polynomial is said to have fully positive coefficients if the coefficients of its monomial terms indexed by the lattice points of its Newton polytope are all positive. Our result generalizes an earlier result of the authors, which corresponds to the special case when the Newton polytope of the Laurent polynomial is a translate of a standard simplex. The result also generalizes a result of De Angelis, which corresponds to the special case of univariate polynomials. As an application, we also give a characterization of certain polynomial spectral radius functions of the defining matrix functions of Markov chains.
Introduction and main results
Positivity conditions for polynomials with real coefficients play a key role in several branches of mathematics, such as real algebraic geometry, convex geometry, probability theory and optimization, and have been widely studied (see e.g. [3, 9, 11, 15, 16, 17, 18, 19, 20, 23, 24] and the references therein). An interesting and important class of polynomials are those whose coefficients are positive.
A polynomial p of degree d in n variables, upon homogenizing, gives rise to a homogeneous polynomial p of the same degree d in n + 1 variables. In a recent work [23] , the authors obtained a characterization of those polynomials p in n variables possessing the property that p m has all positive coefficients (as an inhomogeneous polynomial of degree md) for all sufficiently large m in terms of certain positivity conditions on the associated homogeneous polynomial p. The work generalizes an earlier result of De Angelis [11, Theorem 6.6] , which corresponds to the case when n = 1. We remark that the Newton polytope of any p having the above property is necessarily the standard simplex ∆ n,d =: {(x 1 , · · · , x n ) x i ≥ 0, i = 1, · · · , n, and x 1 + · · · + x n ≤ d} in R n of length d. As such, it is interesting and natural to ask whether similar result holds in the more general setting when the Newton polytope of p need not be a standard simplex.
In this paper, we generalize the afore-mentioned result to the case when the Newton polytope of the polynomial is a full dimensional smooth lattice polytope. Let n ≥ 1, and let p = ∑ n . Let Σ be the normal fan of Φ. When Φ is an ndimensional smooth lattice polytope, the toric variety X Σ associated to Σ is an n-dimensional projective manifold. For each 0 ≤ i ≤ n (and each cone σ ∈ Σ), we denote the collection of i-dimensional cones (resp. faces) of Σ (resp. σ) by Σ(i) (resp. σ(i)). Let R + := {x ∈ R x ≥ 0}, and consider the circle group U(1) := {e iθ θ ∈ R} ⊂ C * := C \ {0}. (1) z ρ = 0 for all σ ∈ Σ(n)}.
It is known that X Σ = (C Σ(1) \ Z(Σ))/G for some subgroup G ⊂ (C * ) Σ(1) which is naturally isomorphic to Hom Z (Cl(X Σ ), C * ) (see [5] or [6] ). Here (C * ) Σ(1) acts on C Σ(1) by coordinatewise multiplication, and Cl(X Σ ) denotes the Weil divisor class group of X Σ . Consider the polynomial ring C[z ρ ρ ∈ Σ(1)], and let p ∈ C[z ρ ρ ∈ Σ(1)] denote the Φ-homogenization of p (see e.g. [5, §5.4] ). For each σ ∈ Σ(n), we let e (σ) = (e We refer the reader to Section 3 for the definitions and/or detailed discussion of the various terms in Theorem 1.1.
Compared to [23] , a main new ingredient in this paper is that we exploit extensively the toric geometry that underlies Newton polytope Φ of p. In particular, p gives rise to a Hermitian algebraic function on a very ample holomorphic line bundle over the projective toric manifold X Σ . The bulk of our proof of the implication (a) =⇒ (b) consists of showing that the Hermitian algebraic function satisfies the sufficient conditions of a Hermitian Positivstellensatz of Catlin-D'Angelo [4] (see also Theorem 2.1 below), enabling us to apply the latter result.
An interesting example of polynomials satisfying the three positivity conditions in (a) and modified from D'Angelo-Varolin [8, Theorem 3] is given by
with ℓ ≥ 2 and 2ℓ ℓ
where the Newton polytope Φ of p λ 1 ,λ 2 is the square [0, 2ℓ] 2 (and not a simplex in R 2 ), and the coefficients of
, are negative. Nonetheless the Φ-homogenization of p λ 1 ,λ 2 satisfies the three positivity conditions in (a) (we will skip the verification which is similar to the calculations in [8] ), and thus Theorem 1.1 is applicable to p λ 1 ,λ 2 .
The three positivity conditions in (a) are independent of each other. We refer the reader to [23, Section 1] for examples of polynomials (in the simplex case) which satisfy two of the conditions but do not satisfy all three of them.
In view of Theorem 1.1, it is natural to ask for a similar characterization of polynomials whose large powers have 'fully nonnegative coefficients'. Another natural question that arises is whether Theorem 1.1 generalizes to the case when the Newton polytope Φ is not smooth. The method in this paper does not appear to generalize readily to handle such cases, and new ideas will be needed. To glimpse the intricacy of the first question, we mention that a limiting case of the family of polynomials in (1.2), namely p 2 2ℓ−1 ,2 2ℓ−1 (so that λ 1 = λ 2 = 2 2ℓ−1 ), satisfies (Pos1), (Pos2) and a weaker version of (Pos3) (with '<' there replaced by '≤'), but one easily checks that all of its powers have some negative coefficients. As for the non-smooth case, one likely needs some kind of Hermitian Positivstellensatz of Catlin-D'Angelo [4] for singular varieties, which to the authors' knowledge, has not been established yet.
An interesting question in the study of Markov chains is to characterize those polynomials q for which there exists an irreducible (resp. aperiodic) Markov chain whose defining matrix (or equivalently, an irreducible (resp. aperiodic) square matrix over Z + [x 1 , . . . , x ℓ ]) has q as its spectral radius function (see e.g. [9, 10] ). Here, Z + := {k ∈ Z k ≥ 0}, and Z + [x 1 , . . . , x ℓ ] denotes the semiring of polynomials in x 1 , . . . , x ℓ with coefficients in Z + . This spectral radius function is an important invariant in the study of Markov shifts (see e.g. [16] De Angelis' Positivstellensatz [11, Theorem 6.6 ] has been applied by BergweilerEremenko [1] to study the distribution of zeros of polynomials with positive coefficients (see also [12] ). As a generalization of the Positivstellensatz of De Angelis, Theorem 1.1 may also have similar applications, which we will not pursue here.
The organization of this paper is as follows. In Section 2, we recall some background material on Hermitian algebraic functions on holomorphic line bundles. In Section 3, we recall the toric geometry associated to a real Laurent polynomial, and relate some positivity properties of the polynomial with those of its Φ-homogenization. In Section 4, we give the proof of Theorem 1.1. In Section 5, we give the deduction of Corollary 1.2. 
Hermitian algebraic functions and Catlin-D'Angelo's Positivstellensatz
In this section, we recall some background material regarding Hermitian algebraic functions which is mostly taken from [3, 4, 7, 8, 25] . As such, we will skip their proofs here and refer the reader to these references for their proofs.
Let X be an n-dimensional compact complex manifold, and let F be a holomorphic line bundle over X with its projection map denoted by π : F → X. The dual holomorphic line bundle of F is denoted by F * , and the complex conjugate manifold (resp. bundle) of M (resp. F) is denoted by X (resp. F), etc. Let π 1 : X × X → X and π 2 : X × X → X denote the projection maps onto the first and second factor respectively, and consider the holomorphic line bundle π * 1 F ⊗ π * 2 F over the complex manifold X × X, whose fiber at a point (x, y) ∈ X × X is naturally isomorphic to F x ⊗ F y . Here F x := π −1 (x) denotes the fiber of F at the point x ∈ X, etc. Following [25] , a Hermitian algebraic function Q on F is defined as a global holomorphic section of π
(see also [25] for an alternative definition of Q as a function on F * × F * satisfying analogous conditions). One easily sees that with respect to any basis {s α } of H 0 (X, F), there exists a corresponding Hermitian matrix C αβ such that, for 
Following [25] again (and with origin in [4] ), a positive Hermitian algebraic function Q on X is said to satisfy the strong global Cauchy-Schwarz (SGCS) inequality if
We recall the following result of Catlin-D'Angelo: We remark that Catlin-D'Angelo obtained the above theorem by proving the positive-definiteness of certain associated integral operators on X.
Laurent polynomials and associated toric geometry
In this section, we recall some background material on the toric geometry that underlies Laurent polynomials, which is mostly taken from [5, 6, 13] . We will also relate the positivity conditions on Laurent polynomials with those on associated Hermitian algebraic functions on holomorphic line bundles over the underlying projective toric manifold as well as those of associated polynomials on the total coordinate ring.
Throughout this section, we fix a positive integer n ≥ 1.
n ] be a Laurent polynomial with real coefficients in the n variables
n . Consider the finite set Log(p) := {m ∈ Z n c m = 0}. Then the Newton polytope Φ = Φ(p) of p is defined as the convex hull of Log(p) in R n . Following [5, 13] , we write
and Φ is a lattice polytope in M R := M ⊗ Z R ∼ = R n . The dual lattice of M is denoted by N := Hom Z (M, Z) ∼ = Z n , and one writes N R := N ⊗ Z R ∼ = R n . A supporting affine hyperplane of Φ is an affine hyperplane H in M R such that Φ lies entirely on one side of H, and a face of Φ is a non-empty set of the form H ∩ Φ for some supporting affine hyperplane H. Throughout this section, we will assume that Φ is of affine dimension n. As such, the vertices, edges and facets of Φ are its faces of affine dimension 0, 1 and n − 1 respectively. For each 0 ≤ i ≤ n, we denote the set of i-dimensional faces of Φ by Φ(i). For each vertex v of Φ, we denote the set of edges of Φ containing v by Φ(1) v ; and for each E ∈ Φ(1) v , we denote by w E,v the point in (E ∩ M) \ {v} which is adjacent to v. Throughout this section, we will assume that the lattice polytope Φ is smooth, which means that for each vertex v of Φ, the set {w
It is easy to see that for each facet F ∈ Φ(n − 1), there exists a unique minimal inward pointing normal u F ∈ N and a unique number a F ∈ Z such that the unique supporting affine hyperplane H F of F is given by
where , : M R × N R → R is the natural pairing between M R and N R . Furthermore, one has the unique facet presentation of Φ given by
. For a finite subset S ⊂ N R , we denote the cone spanned by S in N R by Cone(S) := {∑ w∈S λ w w λ w ≥ 0}. For each face Q of Φ, we denote the associated cone in N R given by
Note that Σ is a fan in the sense that any face of a cone in Σ is itself a cone in Σ, and the intersection of two cones in Σ is a face of both cones. For each 0 ≤ i ≤ n, we denote the set of i-dimensional cones in Σ by Σ(i) and the i-dimensional faces of a cone σ ∈ Σ by σ(i). Then one easily sees that there is a bijection between Φ(i) and Σ(n − i) given by
For each ρ ∈ Σ(1), we write u ρ := u F and a ρ := a F , where F ∈ Φ(n − 1) is the facet that corresponds to ρ under (3.5). The supporting hyperplane H F of the above F will also be denoted by H ρ . Then we may rewrite (3.3) as
Associated to the fan Σ is a toric variety X Σ containing the torus
Zariski open subset and such that the natural action of T N on itself extends to a morphism T N × X Σ → X Σ . Since Φ is an n-dimensional smooth lattice polytope, it follows that the support of Σ is N R , Σ is a smooth fan (i.e., each cone σ in Σ is a smooth cone in the sense that the minimal generators of the lattice points of the rays in σ(1) form a part of a Z-basis of N), and as a consequence, X Σ is an n-dimensional (smooth) projective manifold (cf. e.g.
Cartier divisor, which will be denoted by D ρ . We denote the holomorphic line bundle over X Σ associated to the divisor
where each a ρ is as in (3.6). Since Φ is a smooth polytope, one knows that L is very ample (see e.g. [5, Proposition 6.1.10 and Theorem 6.
It is known that for each m ∈ M and each ρ ∈ Σ(1), the vanishing order of χ m along D ρ is given by m, u ρ . Together with (3.6), it follows that for each m ∈ Φ ∩ M, χ m may be regarded as a global holomorphic section of L. In fact, it is well-known that under such identification, one has the following isomorphism given by
Next we associate to p (via (3.8)) the following
where π i denotes the projection of X Σ × X Σ onto the i-th factor, i = 1, 2. Here and henceforth, c m is understood to be 0 if Proof. As indicated in (3.8), a basis of H 0 (X Σ , L) is given by {χ m m ∈ Φ ∩ M}. With respect to this basis, it follows from (3.10) that the square matrix associated to P is given by the real diagonal matrix C := diag(c m ) m∈Φ∩M . Then, as remarked in Section 2, P is a maximal sum of Hermitian squares if and only if C is a positive definite matrix. In turn, the latter condition holds if and only if c m > 0 for all m ∈ Φ ∩ M, or equivalently, p has fully positive coefficients.
As defined in Section 1, we have
) is the Cartesian product of copies of C (resp. C * , R, R + , U(1)) indexed by ρ ∈ Σ(1), etc. Following [5, §5.1], the total coordinate ring of X Σ is simply the polynomial ring
, which was introduced by D. Cox (and also called the homogeneous coordinate ring) in [6] . Following [5, §5.4] , the Φ-homogenization of p (as well as that of p) is the polynomial p given by (3.11)
where u ρ and a ρ are as in (3.6) (cf. also (3. .) We remark that the inclusion in (3.11) follows from the inequalities in (3.6). Upon polarizing p and similar to (3.10), we obtain the polynomial P ∈ C[z ρ , w ρ ρ ∈ Σ(1)] given by (3.12)
. Consider the torus group (C * ) Σ(1) acting on C Σ(1) via coordinatewise multiplication, and let G ⊂ (C * ) Σ(1) be the subgroup given by
where Cl(X Σ ) denotes the Weil divisor group on X Σ (cf. e.g. [5, §5.1] for more detailed discussion on the above isomorphism). Then it is known that X Σ is also given by
(cf. e.g. [5, §5.1]). We will denote the projection map associated to (3.14) by
In light of (3.7), we let χ L : G → C * be the group character given by
Together with (3.11) and (3.13), one sees that
, and the Φ-homogenization of a section s ∈ H 0 (X Σ , L) (arising from those of the χ m 's) is the holomorphic function s = Ξ * s on C Σ(1) \ Z(Σ) which satisfies the functional equation in (3.18) (with p replaced by s).
Since Φ is an n-dimensional smooth lattice polytope, X Σ is covered by affine coordinate open subsets {U σ σ ∈ Σ(n)}, where
and one has a natural holomorphic map φ σ :
. It is easy to see that for each σ ∈ Σ(n), one obtains a holomorphic trivialization
Our main result in this section is the following proposition: (iii) P satisfies the SGCS inequality.
Throughout the remainder of this section, which is devoted to the proof of the above proposition, we let p ∈ R[x ±1 1 , . . . , x ±1 n ] be a Laurent polynomial whose Newton polytope Φ is an n-dimensional smooth lattice polytope, p be the Φ-homogenization of p, and ∩ Z(Σ)) be given, and let p be as in (3.11) . We consider the following two cases:
Case (b) : In this remaining case, we have (3.22) (
Consider the holomorphic map φ :
is regarded as a submanifold in (C * ) Σ(1) in the obvious manner. In particular, one has
.
It is easy to see that the complex linear span of
under the isomorphism in (3.23). Together with (3.22) , it follows that
Note that Ξ(G · x) = Ξ(x) is a single point in X Σ (cf. (3.16)). Together with (3.22) and (3.24), it follows that Ξ((C * ) Σ(1) · x) is also a connected 0-dimensional analytic set in X Σ , and thus
, and thus there exists σ ∈ Σ(n) such that x ρ = 0 for all ρ ∈ Σ(1) \ σ(1) and Ξ(x) ∈ U σ (cf. (3.15) and (3.19) ). From the second equality in (3.25), one easily sees that
It follows readily that the set of points y in R
Together with the continuity of p on R
Σ(1)
+ , it follows that we have (3.27) p(x) ≥ 0.
. Together with (3.26), one sees that
, where e (σ) is as in (1.1). From (3.28) and the first equality in (3.25), one sees that Ξ(e (σ) ) = Ξ(x), and thus there exists g ∈ G such that g · x = e (σ) . Then from (3.18), one has
Together with (Pos1) and the fact that χ L (g) ∈ C * , one sees that that p(x) = 0, which together with (3.27), imply that p(x) > 0. Thus we have finished the proof of (i). We proceed to prove (ii). For each σ ∈ Σ(n), we let U σ be as in (3.19) .
To prove that the Hermitian algebraic function P on L is positive, it suffices to establish the positivity of P on each such U σ . In terms of the trivialization of
, where φ σ is as in (3.20) . Together with (3.11) and (3.12), one sees that (1) is given by (3.30)
∩ Z(Σ)), which together with (i), imply that p(x) > 0. This finishes the proof of Proposition 3.4(ii).
Next we recall a result of De Angelis [9] . For ℓ ≥ 1, we denote the interior of
• . We associate to f the ℓ × ℓ matrix-valued function J f : (R ℓ + ) • → R ℓ 2 whose components are given by
Here δ ij denotes the Kronecker delta. i.e., δ ij = 1 (resp. 0) if i = j (resp. i = j). Next we introduce a change of variables, and consider the function f ♯ : R ℓ → R associated to f given by 
We let p, p, P, p, P be as before. Let S n denote the group of permutations of the coordinate functions on C n . For each 1 ≤ ℓ ≤ n, each σ ∈ Σ(n) and each τ ∈ S n , we let p ℓ,σ,τ ∈ R[s 1 , . . . , s ℓ ] be given by
where φ σ is as in (3.20) .
such that its Newton polytope Φ is an ndimensional smooth lattice polytope. (i) If p satisfies (Pos1)
, then for each 1 ≤ ℓ ≤ n, each σ ∈ Σ(n) and each τ ∈ S n , the Newton polytope Φ( p ℓ,σ,τ ) of p ℓ,σ,τ has affine dimension ℓ.
(ii) If p satisfies (Pos1) and (Pos2), then for each 1 ≤ ℓ ≤ n, each σ ∈ Σ(n) and each τ ∈ S n , the set S p ℓ,σ,τ := {m − m ′ m, m ′ ∈ Log( p ℓ,σ,τ )} generates Z ℓ as a Z-module.
Proof. As the proofs of the lemma for all the p ℓ,σ,τ 's are the same, we will only prove the lemma for the case when τ is the identity permutation, so that p ℓ,σ,τ (s 1 , . . . , s ℓ ) = p(φ σ (s 1 , · · · , s ℓ , 0, · · · , 0)). Fix a cone σ ∈ Σ(n) and an integer ℓ satisfying 1 ≤ ℓ ≤ n. Denote the cardinality of Σ(1) by |Σ(1)|. For notational convenience, we write
(cf. (3.20) ). For each 1 ≤ j ≤ n, we let H j ⊂ M R be the hyperplane given by (3.38)
Then from (3.11), one easily checks that
Let U n (resp. U ℓ ) be the n × n ( resp. ℓ × n) matrix such that its i-th row is given by u ρ i (written as a row matrix), and let A n (resp. A ℓ ) be the column vector with n (resp. ℓ) rows such that its i-th entry is a ρ i . Let η n : M R → R n and η ℓ : M R → R ℓ be given by
From (3.39), one sees that 
where (η n (m)) j (resp. (η ℓ (m)) j ) denotes the j-th entry of η n (m) (resp. η ℓ (m)).
Since p satisfies (Pos1), one sees from (1.1), (3.11) and (3.39) that
Let v ∈ Φ ∩ M be the vertex of Φ that corresponds to σ under the Orbit-Cone Correspondence. Then it is easy to see that {v} = ∩ n j=1 H j , so that η n (v) = 0 and thus η ℓ (v) = 0. Since Φ is a smooth polytope, it follows that σ is a smooth cone, which implies that the matrices U n and U ℓ are of rank n and ℓ respectively; furthermore, the R-span of the set {m
Together with (3.42), one sees that the R-span of the set {η ℓ (m) m ∈ Φ ∩ M ∩ H ℓ+1 ∩ · · · ∩ H n } also has dimension ℓ. Combining this with (3.41) and (3.43), one sees that Φ( p ℓ,σ,τ ) has affine dimension ℓ, and this finishes the proof of (i). We proceed to prove (ii) and adopt the same notation as above. Write p ∈ R[x ρ i i = 1, · · · , |Σ(1)|} (cf. (3.36) ). For each 1 ≤ i ≤ ℓ, one easily checks from (1.1), (3.11) and (3.39) that
where the inequality holds since p satisfies (Pos2) and e (σ) ∈ F ρ i (R (3.15)) ). This implies that Log( p ℓ,σ,τ )(⊂ Z ℓ ) contains the points (1, 0, . . . , 0) , . . ., (0, . . . , 0, 1), and so does S p ℓ,σ,τ (since Log( p ℓ,σ,τ ) also contains (0, · · · , 0) as shown in (3.43)). It follows that S p ℓ,σ,τ generates Z ℓ as a Z-module.
If p satisfies (Pos1) and (Pos3), then it follows from Proposition 3.4 that P is a positive Hermitian algebraic function on L, and thus as discussed in Section 2, P induces a Hermitian metric h P on L * given by h P (v, w) Proof. Take any cone σ ∈ Σ(n), and let U σ ∼ = C n be the affine coordinate subset of
be the non-vanishing section so that ξ(z) ←→ (z, 1) with respect to the holomorphic
) be the dual nonvanishing section, so that ξ, ξ * ≡ 1 on U σ . Here ξ, ξ * denotes the natural pointwise pairing between L and L * . Upon following the notation in (3.36), (3.37) and writing p ∈ R[x ρ i i = 1, · · · , |Σ(1)|} as in (3.44), one easily sees from (3.11), (3.12), (3.20) (3.21) that
Take a point z * = (z * ρ 1 , . . . , z * ρ n ) ∈ U σ , and let ℓ be the number of non-zero z *
. By permuting the z ρ i 's, we will assume without loss of generality that z * 
Here A 1 (resp. A 2 ) is taken to be zero if ℓ = 0 (resp. ℓ = n). Note that
Hence from (Pos2), we see that A 2 ≥ 0, and (3.48)
A 2 > 0 whenever ℓ < n and (v ℓ+1 , . . . , v n ) = (0, . . . , 0).
+ ), which is easily seen to be dense in C Σ (1) ) and the continuity of p, one easily sees that
Together with Lemma 3.6, it follows that one can apply Lemma 3.5 (with f = p ℓ,σ,Id ) to conclude that A 1 ≥ 0, and (3.50) A 1 > 0 whenever ℓ > 0 and (v 1 , . . . , v ℓ ) = (0, . . . , 0).
Together with (3.48), one easily concludes that A 1 + A 2 > 0 in each of the three cases when ℓ = 0, 1 ≤ ℓ < n or ℓ = n. Upon varying z * ∈ U σ and using the fact that {U σ σ ∈ Σ(n)} covers X Σ , one concludes that Θ h P is positive definite on X Σ .
Proof. We write σ(1) and Σ(1) as in (3.36) .
For this purpose, we first let t ρ i := 1/x ρ i > 0 for each n + 1 ≤ i ≤ |Σ(1)|, and let T be the (|Σ(1)| − n)-column vector whose i-th entry is log t ρ n+i . Then we let A (resp. B) be the n × n (resp. n × (|Σ(1)| − n)) matrix whose i-th column is u ρ i (resp. u ρ n+i ), where the u ρ i 's are as in (3.6). Since σ is an n-dimensional smooth cone, it follows that the matrix A is non-singular. Now for each 1 ≤ i ≤ n, we let t ρ i > 0 be the number such that log t ρ i is the i-th entry of the column vector −A −1 BT, so that one has (3.52)
Then upon taking inner product of both sides of (3.52) with each m ∈ M and exponentiating the resulting expressions, one easily sees from (3.13) that g = (t ρ i ) 1≤i≤|Σ(1) ∈ G with each t ρ i > 0. Finally we let s ρ i := t ρ i · x ρ i for each 1 ≤ i ≤ n. Then one easily sees that (3.51) is satisfied. Finally the last statement of Lemma 3.8 is obvious.
Remark 3.9. Let σ ∈ Σ(n) and z = (z ρ ) ρ∈Σ(1)| ∈ C Σ(1) be such that z ρ = 0 for all ρ ∈ Σ(1) \ σ (1) . Then by following the proof of Lemma 3.8, one can easily show that there exist g ∈ G and s ∈ C σ (1) such that g · z = φ σ (s), where φ σ is as in (3.20) .
Lemma 3.10. Suppose p satisfies (Pos1), (Pos2) and (Pos3
Proof. For simplicity and as in Lemma 3.6, we will only prove the lemma for the case when τ = Id is the identity permutation. We write f := p ℓ,σ,Id on R ℓ + , so that, with the coordinate functions on R Σ(1) arranged as in (3.36), we have
for s 1 , . . . , s ℓ ∈ R ℓ + . As in (3.33), we consider the associated function f ♯ : R ℓ → R given by f ♯ (t 1 , . . . , t ℓ ) := f (e t 1 , . . . , e t ℓ ). By Lemma 3.6(i), the Newton polytope Φ( f ) of f has affine dimension ℓ. Upon regarding f as a polynomial on C ℓ , it also follows from (3.49
Hence, by Lemma 3.5 and (3.34), the Hessian matrix 53) readily, and this finishes the proof of (i). We proceed to prove (ii). First from (3.56), one knows that log f ♯ is a strictly convex function on R n (see e.g. [2, p. 37] ). In particular, we have 
Furthermore, the equality in (3.58) holds if and only if there exists g ∈ G ∩ (R
(iii) P satisfies the SGCS inequality.
+ ). To prove (i), we first establish the equality in (3.58) under the assumption that there exists g = (t ρ ) ρ∈Σ (1) (1) . Then one easily sees that
Let χ L be the group character in (3.17) . Together with (3.18), one has
To complete the proof (i), it remains to establish the strict inequality in (3.58) for the case when y / ∈ (G ∩ (R
for all ρ ∈ Σ(1) \ σ (1) . We arrange the coordinate functions on R Σ(1) as in (3.36).
Then it follows readily from Lemma 3.8 that there exist g = ( 
where the last inequality follows from using Lemma 3.10(i) repeatedly if necessary. On the other hand, if s = s ′ (so that s · s ′ = s = s ′ ), then since s = s ′ , it follows readily that either s i > 0 for some ℓ + 1 ≤ i ≤ n, or s ′ i > 0 for some ℓ + 1 ≤ i ≤ n. By using Lemma 3.10(i) repeatedly, one sees that either
Note that from (3.64), one has p ℓ,σ,Id
Together with (3.66), it follows that when ℓ > 0, we have
for both cases when s = s ′ and when s = s ′ . We remark that in the case when ℓ = 0, one sees that (3.69) still holds by using an argument similar to the inequality in (3.67). From (3.18), (3.61) and (3.62), one sees that
By combining (3.69), (3.73), (3.70), (3.71), (3.72) and (3.73), one sees that
and we have finished proof of (i). We proceed to prove (ii).
Then from (3.11) and (3.12), one sees that P(z, w) = p(z · w). We consider the following two cases:
+ , it follows from (Pos3) that
where the last inequality follows from (i).
+ , one easily sees that we have
where the last equality follows from the equality |χ L ((e iθ ρ ) ρ∈Σ(1) )| = 1, which can be seen easily from (3.17) . Suppose that (|z ρ |) ρ∈Σ (1) 
By considering the components individually, one easily (1) , and then it follows from (i) that
where the first equality follows from (3.76). Thus in both cases, we have
, which upon rewritten in terms of P, leads to (3.59), and we have finished the proof of (ii). Finally from the lifting Ξ * L ∼ = (C Σ(1) \ Z(Σ)) × C in Remark 3.2, one sees from (3.10) and (3.12) that P lifts to the function P on (
Then the inequality in (3.59) leads readily to the SGCS inequality for P (cf. (2.3)), and this finishes the proof of (iii).
We conclude this section with the following 
Since Φ is an n-dimensional smooth lattice polytope, it follows that {w ρ − v} ρ∈σ (1) forms a Z-basis of M. Together with (4.11) and (4.12), it follows readily that (4.13)
m, ∑ ρ∈σ (1) θ ρ u ρ ≡ 0 mod 2π for all m ∈ M.
Upon exponentiating (4.13) and using the fact that θ ρ for all ρ ∈ Σ(1) \ σ(1), it follows that (4.14)
∏ ρ∈Σ (1) (e iθ ρ ) m,u ρ = 1 for all m ∈ M, which together with (3.13), implies that (e iθ ρ ) ρ∈Σ(1) ∈ G, and we have finished the proof that p satisfies (Pos3).
We are ready to give the proof of Theorem 1.1 as follows:
Proof of Theorem 1.1. Let p ∈ R[x ±1 1 , . . . , x ±1 n ] be a Laurent polynomial whose Newton polytope Φ is an n-dimensional smooth lattice polytope. Let p be the Φ-homogenization of p. (a) =⇒ (b): Suppose p satisfies (Pos1), (Pos2) and (Pos3). Let P be the Hermitian algebraic function on the line bundle L as in (3.10) , where L as in (3.7). Then from Proposition 3.3 and Theorem 2.1 (with R = P, E = O X Σ and Q = 1), one knows that there exists k o > 0 such that for each integer k ≥ k o , the tensor power P k (as a Hermitian algebraic function on L ⊗k ) is a maximal sum of Hermitian squares. It is easy to see that P k is the Hermitian algebraic function on L ⊗k induced from the Laurent polynomial p k . Note also that the Newton polytope Φ(p k ) of p k is simply k · Φ := {k · x x ∈ Φ}, which is also an n-dimensional smooth lattice polytope. Then from Proposition 3.1, it follows that p k has fully coefficients for each such k. 
it follows readily from (Pos2) for p k that p also satisfies (Pos2).
Application to polynomial spectral radius functions
In this section, we apply Theorem 1.1 to deduce Corollary 1.2. As the proof is similar to [ ∈ Z(Σ), there exists σ ∈ Σ(n) such that z ρ = 0 for all ρ ∈ Σ(1) \ σ (1) . As in the proof of Proposition 3.11, by using an element of G as given in Remark 3.9 and using the functional equation in (3.18) , it suffices to consider the case when z ρ = 1 for all ρ ∈ Σ(1) \ σ (1) . Note that in this case, we have (z ρ ) ρ∈σ(1) ∈ C σ(1) \ R σ (1) + . Let p n,σ,Id be as in (3.35), so that 
